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FINAL REPORT

Eng ines of a l l  sorts , f rom steam en gines to those used

in nuc l ear power p lants , require a knowled ge of

a) the precise location of phase transition lines

b) “~‘xac t1y ” what happens when a material (such as steam)

is moved acr os s a g iv en phase transition line.

This inform ation is essential from an eng ineering point of

view becau se on ly  w i th thi s i n fo rma t ion can on e hope to h ave

a trul y e f f i c i e n t en g ine des ign.

Pha se t r an s i t ions h ave become an ex trem ely a ct ive

field of research because of this need . Eng i nee r s , c h e m i s ts ,

phy s i c i s ts , me ta l l u r g ists , and mathematicians have cooperated

in a mul t i d i s c i p l i n a r y  ef f o r t to learn  new i n f o r m a t i on on

this subject. These efforts can be broadly categori :ed as

fo l l ows:

a) studies focussed on critical point exponents describing

the behav ior  of a s i n g l e  func t ion as a s i ng l e var i able is

changed .

b) studi r focussed on equation of state describing t he

behavior of a function when all thermodynamic variables are

changed.

The focus of this contract has been category (b) , equa t ion

of state. A simple example of an equation of state is provided

by a simple magnet in the vicinity of the Curie temperature Tc •
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FIGURE 1. PHASE TRANSITIONS ~ CRITICAL PHENOMENA .

a) Phase transitions occur at all three solid lines

separa t ing d i f f e r en t phases

b) Cri tical phenomena occur at the sing le poin t (P
~~
,T
~
)

at which the first-order phase t rans i t ion l ine

separating gas and li quid phases termina tes.
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FIGURE 2 .  DIFFERENCE BETWEEN C R I T I C A L  POINT EXPONENTS
AND THE EQUATION OF STATE OF A MAGNET

a) Phase d i a g r a m  of a magne t , showing  i n f o r m a t i o n
learned by crit ical poin t exponen ts along 2 pa ths

b) By contrast , the equation of state provides information

in the ent ire phase diagram near the critical
point 
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The phase diagram of the simple magnet is provided in Fi g.2.

There is a line of first order transitions which terminate s

in a cr i t ica l point at T=T
~~
, H=O where H is the applied

m a g n e t i c  f i e l d .  S tud ies  of c a t ego ry  (a)  concern  the

d e t e r m i n a t i o n  of c r i t i c a l  exponen ts  a l o n g  pa ths  ( 1) and ( i i )

of Fi g . 2 a .  For example , if the  f u n c t i o n  in q u e s t i n n  is the

spon taneou s magn et i z a t ion , M = M(H ,T), then along path (1)

M = M ( H = O ,T) v (la)

whil e along path (ii),

M = M(H ,T=T
~
) -~‘ H (lb)

ther eby defining the two critical exponents and . Here

we have used the notation t (T -T~~)/T ~ to denote the reduced

temperature (i.e., t 0  a t  the c r i t i c a l  point).

Studies of ca tegory (b) concern the de te rmina t ion o f

the func tion in the entire re g ion n ear the cr i t ica l poin t.

For our example of the magnetization function M (H ,T), this

means that we must determine M everywhere in •.the reg ion

shown shaded in Fi g.2b.

Clearly studies of category (b )  p rov ide  more information

than studies of category (a), and therefore it is no t sur-

prising that they are more difficult to carry out.

The princi pal difficulty s tems fro m the fact that

very close to the critical poin t the ma te r i a l unde rgoe s

fluctuations that are not only characterized by their si:e

but also are charac ter ized by the fac t tha t the fluc tua t ions

~~ ~~~~~~~~ ~~~~~ ~~~~~ . ____
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of all wavelengths are s i m u l t a n e o u s l y  p r e s e n t .  Th i s  m ear ~s

t h a t  any a p p r o x i m a t i o n  p rocedu re  of the  sor t  f a m i l i a r  f r o m

solid state physics is doomed to f a i l u r e .

Our re search group  has participated in the devel opment

of an approach  to the development of a theory of the equation

of s tate. This ap p ro ach permi ts the  a c c u r a t e  c a l c u l a t i o n  of

of the equation of state for a wide range of materials.

S p e c i f i c a l ly , i t  has~~~~~ound t h a t  ve ry  near  the  c r i t i c a l

poin t , the  e q u a t i o n  of s t a t e  of a wide range  of material s

is a”generalized homogeneous function ” (GIIF) . A funct ion

of two variables H and t is a GHF if there exist two n u m b e r s

(called scaling powers) aH and at such that for all positi vc

values  of some a r b i t r a r y  p a r a m e t e r  L ,

a 1 a
f(L II, L ~ t) = L f ( H , t )  ( 2 )

Specifically , the function f ( H , t )  is the Gibbs potential.

Since every thermodynamic func t ion is re lat ed by a s eries

of Legendr e transforma t ions and par t ial different ia tions

to the Gibbs p o t e n t i a l , E q u a t i o n  ( 2 )  has f a r - r e a c h i n g

implica tions. Specifically, the magnetization function

M(H ,t) is re la ted  to the Gibbs  p o t e n t i a l  by the  r e l a t i o n

= (~~f( H ,t)/ ~H7 at t=const (3)

Therefore from (2) and (3) it fol lows that M(H ,t ) is al so

a GHF ; that is ,
a a 1-a

M ( L  H , L ~ t) = L M(F1 ,t) (4)

* . - _. ~,. . n- .•—“ .
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The physical content of Equation (4) is that the

equation of state \1 (11 ,t) is constrained rather severely.

To see t h i s , c o n s i d e r  the  e q u a t i o n  of s t a t e  for  a typ i ca l

material. This consists of a series of values of M (T) for

variou s values of H. That is , for each va lue o f H , one must

mea sure M(T) . Such dat a are shown sch emat ically in Fig.3 ,

as a family o -f curv es , one for each va lue of H.

Now Equation (4) implies that the entire family of

curves collap ses onto one s ingle curve providing the

experimental data are plotted in a “sca le d fo rm ” . To see

this , note from (4) that L is an arbitrary number , and there-

for e can be cho sen as
l/a HL = (1/H) (5)

Subs titut ing (5) into (4) ,  we obtain

M
~~~~~j)/a = M(l , t / H t H  ) (6)
H

But Equation (6) states that if one p lots “scaled

m a g n e t i z a t i o n ”
(l-a H)/aHM M/ ll

as a func tion of “sca led  tempera tur e”

,~.
, a

~
/aH

t t/ l l  (7)

then one finds that the ent ire family of curv es in Fig .5a

“collapse ” onto a single curve in Fig.3b .

This single curve is cal led the “scaled equation of

state” or the “s c a l i n g  fun ct ion ” for shor t. The experimental

verifica tion of the scaled equation of state is rather

~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _ _ _ _.
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FIGUR 1I 3.

Illu stration of “data collapsing ” onto a sing le “scaled

equation of state ”.
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striking, as shown in Figure 4 . Here we have p lotted

experimental data taken on five widely diverse materials

The first material , CrBr 3,has considerable lattice anisot ropv

(the coupling strengths in the z lattice direction are

about 17 times we ker than those along the x or y directi ons).

The second ma ter ial , EuO , has signficant second-nei ghbor

in terac t ions , and these are probabl y of the opposite si gn

to the nearest-nei ghbor interactions . The third material ,

Ni , is p robab l y an itinerant electron ferromagnet , while

th e four th ma te r i a l  Pd 3Pe is an alloy and the fifth material

YIG is actuall y a ferrimagnet. All five materials disp la~

data coll aps ing, thereby providing experiment al confir-

• mation of the scaling equation of state.

From Figure 4 , we see that all these data fall on

one and only one “scaling function ”- - i . e . , all five materials

have the identical scaled equation of state! This fact

suggests that while the equation of state is strongly

dependen t on the details of intermolecular interactions

for mos t reg ions of the phase diagr am , a t l eas t nea r  th e

crit ical point it appears to be independent of such de tails

for otherwis e fiv e such wid e ly diver se ma teria ls could ha rd ly

obey the identical scaled equation of state !

Such apparen t univer sali ty has provided imp e tus for

a varie ty of calculations during the tenure of this grant.

Specif ica ll y, we hav e developed the method of hi gh-temp erature

-~~~~~ ~~~~ ~~~~~~~~
— ..— ~~~ —~~~•-- —-- ~ ~~~~~~~~~
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series expansions in such a fashion that it can be used to

provide information on the equation of state of a wide

variety of materials. Then we have proceeded to calculate

the equation of state and to compare the calculated scaling

functions with experimental data. The calculated func tion

is shown in Fi gure 4 as the solid curve , and we note that

the agreement is rather satisfactor y--especiall y consider-

ing the fact that there are no free parameters in the

theory.

It is perhaps not entirely inappropriate to record

the fact that this work has led to invitations to address

three major international meetings:

a) the International Conference on Low-Temperature Physics

b) the International Congress on Magnetism , Moscow , USSR

c) the Interna t iona l Enrico Fermo School of Physics , V a renn a ,

Italy

So much fo r  s tudi es of ord in ary cr i t ica l  poin t s.

It is becoming i nc re as in g ly apprec i ated tha t more complex

ma ter i als di sp l a y  much more com plex cr it ical poin ts.

For ex ample , Sovie t work repor ted firs t in the Russ ian

Journal of Physical Chemistry ha s st imula ted a t remend ou s

increase in our unders tanding of such complex ma teria ls.

S p e c i f i c a l l y ,  the Soviet work considered materials that

consis ted of threç-component fluids mixed in such propor t ions

that a “tricrit ica l poin t” can occur.

hIL~~ 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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• Subsequen t  to the earl y work by Soviet au t I’or~

t r i c i r i t i c a l  p o i n t s  have  been d e t e c t e d  e x p e r i m e n t a l l y

H in an e x t r ’m e ly  w i d e  r a n g e  of m a t e r i a l s , i n c l u d i n g  no t

only multicomponent fluid mixtures but also magnetic

materi als , superconductors , liquid c ry s t a l s , a n d  so

for th.

Our work began with the stud y of m e t a m a g n e t i c

materials , w h i c h  are  char ac te r i z e d  by a sudd en d i scon-

tinuous change in magnetization as a function of app lied

m a g n e t i c  f i e l d .  These m a t e r i a l s  are among t h e  s i m p l e s t

from a theoretical point of view . In partcul ar , colleagues

from the Divi s ion of Eng i n e e r i n g  ~ Applied Physic s of Yale

U n i v e r s i t y  ( W . P . W o l f  and c o - w o r k e r s )  have  made d e t a i l e d

measu remen t s  of the  e q u a t i o n s  of s t a t e  of d y s p r o s i u m

aluminum garnet(DAG ), one such r i e t a m a g n et .  A n a t u r a l

theoretical question is the following: “can these

da ta be inter p re ted in te rms of a unif y in g s c a l i n g

hypothesis?” To this time , there had been no experi ’Ient al

tests of the scaling hypothesis at tricriti cal points.

However in lig ht of the success of the sc ale d e q u a t i o n

of state at an ordinary critical point , we were optimi s tic

• and decided to analyze the Yale data on DAC .

We found that the data did indeed collapse onto a

4 sing le curve , hut the properties of this curve were more

like those of an ordinary critical ~‘ int than a tricritical

point . Thus  our r e s u l t s  r e m a i n e d  a mys tery unti l Blum e and

• co-workers at Brookhaven \~t ion al Labora tory real iz ed t h a t

I& ~~~~ ~~~~~~~~~~~~ 

-. , ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. L~~ _
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the experimental data were obtained under condit ions in

which the applied field coupled to the order parameter

and thereby moved one of f  the I1-T p lane. The experimen ts

have recently been repeated with a different orientatio n

or the II fie ld , and the predictions of tricritic a l

scaling confir m ed.

The experimental data are plotted in Fi g .5 , and the

genera l  phase diagra m of a tricritic al point is s h o w n  in

Fig.6.

In addition to “o r d i n a r y ” critical points and

“tricritical p o i n t s” , we have consider ed the possibility

of even more complex cri t ic al points. For examp le , a

tr i c r i t ica l point occurs a t the intersec t ion of lines

of ordinary cri t ic al points. This leads to the question

“What sort of critical poin t would occur at  the  inter-

sec t ion of lines of tricri t ical poin ts ?”

To answer this question , we have developed a classif-

ica t ion of complex cri t ical points tha t is fairly general

(though probably not sufficient ly general to handle the

most complex materials in nature). Specifically, we hav e

introduced the concep t of the “order ” of a cri t ical poin t.

Ordinary crit ical points are of order 2 , while tricrit ica l

points ar e of order 3 and the po i nt of intersec t ion of

cri tical lines is of order 4. A metama gnet in the presence

of both a direct and a staggered magnetic field can he

shown to exh .bit a critical point of order 4 , and we

made calcula tions of critical exponents for such a system .

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~~~~~ ~~~~~~~~~~~
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FIGURE 5.

Experimen tal data of the Yale group on the metamagnetic

materia l dysprosium aluminum garne t (DA G). The da ta

collap se onto a sing le curve , the scaled equa t ion of

state. The da ta analy s i s  wa s ca r r i ed  ou t under  th e

ausp ices of this grant .
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$
\J’2 J, <0 (AF )

1 ‘1 4 J2 > O  (F)

( b )

Hst

FIGURE 6.

Phase diagram for a typical model metamagnet. Note that

three differen t second order lines of “or d i n a r y ” critica l

points intersec t at a “tricritical point” (TCP).
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A final c la s s of “realistic material s ” will be discussed.

These are materials which in one sense or another can be

considered to have an effective dimensiona lity less than 3.

Such materials are l i k e l y  to become extremely important

in engineering applications. For example , grap hite is

in many senses effectively 2-dimensional , and th i s nea r

2-dimen sionality results in many of its unusual mechanical

properties . Sim i larly, the search for hi gh-temperature sup-

erconductors has focussed in part upon materials that

are quasi- 2 - d imension al .

Therefore we have focussed our attention upon a

class of materials in whIch the interactions between

spins in one lattice direction are R times those in the

remaining 2 direc t ions. For R very sma ll, the system

is quasi-2 -dimensional , whi le for R very large the

sys tem is quasi- i - d imensi ona l .

Experim ental work on materials with R very small

has sugges ted the possibl e occurr ence of a “Stanley-Kap lan

phase t r ans i t ion ” to a novel low- tempera ture ph ase in w h i c h

there is an infinite suscep t ib ilit y b~i t no long-range order.

We have developed a set of ri gorous  re la t ion s th at

relate the measured properties of the full three-dimensional

system (i.e., R~0) to the two-dimensional system (R 0).

Similarly, we have been able to predic t the loca t ion of

the crossover from effectively two-dimensional behavior

f a r  above the cri t ical tempera ture to a limi t ing form of

1~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~!
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three-dimensional behavior very close to the critical

temperature. This work has led to a joint collaboration

wi th L.J.deJongh at the Kamerling h Onnes Laboratoriu in ,

Leiden . deJongh carried out experiments that verified

the predictions of the crossover theory, and the

resul ts were published join tl y wi th the Princi pal

Inves t iga to r in a recen t is sue of Phys ica l Rev iew

Le tters.

In summary , then , we have studied a wide variety

of ma teria ls tha t are relat ively comp lex com pa red w i t h

the idealized systems that are usually “first ” studi ed

by theori sts . The se sy stems hav e inc luded ma terials

such as DAG that d i spl ay hi gher order critical points ,

and materials that disp lay quasi-i-dimensional or

quasi-2-dime nsiona l order. It has been found that

these ma teria l s have an equation of s ta te that obeys

a remark ably simp le form when expre ssed in terms of

the proper variables.

~ 
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FIGURE 7.

Analysis of crossover phenomena in quasi-2-dimensiona l

magne tic materials. A system changes its critical

proper t ies as the crit ical poin t is approached a rb i tr a r i ly

closely, in accordance wi th certain ri gorous re sults of

Liu and Stanley (1973) and confirmed experimentally by

deJongh and Stanley (1976).
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